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The article presents a combined mathematical model that 
allows us to determine and investigate the dynamic 
characteristics of the latest type of non-contact sealing for 
pump and compressor shafts, which eliminates leakage of 
pumped products, which are important from the point of view 
of safe operation. The proposed method is based on the laws of 
conservation of energy and conservation of matter. The model 
is based on static and dynamic calculation of operation 
characteristics, while its key feature is the combination of 
analytical, variational and numerical solutions. The materials of 
the article may be useful to developers of new types of 
contactless seals of centrifugal machines. 
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1 INTRODUCTION 

When designing modern pumps and compressors, special 
attention is paid to the safety of their operation. Today, these 
centrifugal machines are used to operate under operating 
conditions with a wide range of operating pressures and 
speeds. Also, the working conditions can be complicated by a 
high temperature difference: for example, transportation of 
high-temperature melts or maintenance of cryogenic 
equipment. In addition, the pumped product may have high 
toxic, radioactive or fire-hazardous properties. In this regard, 
the requirements for seals of such pumps and compressors are 
constantly being improved and tightened [Jurko 2011, 
Monkova 2013, Michalik 2014, Panda 2014 & 2021, Baron 
2016, Mrkvica 2016, Macala 2017, Balara 2018, Duplakova 
2018, Chaus 2018, Pandova 2018 & 2020, Sukhodub 2018 & 
2019, Flegner 2019 & 2020, Harnicarova 2019]. 
The most suitable seals for the above operating conditions are 
seals in which a buffer medium is applied between the pumped 
product before seal and the atmosphere behind the seal. 
Excessive pressure of the buffer medium prevents leakage of 

the pumped product. Until recently, liquids neutral to the 
pumped product were used as a buffer medium. However, the 
ingress of such liquid into the casing of the pump or 
compressor leads to a violation of the purity of the pumped 
product. In addition, the cost of such a liquid and the system of 
its storage, preparation and supply to the seal increases the 
cost of pumping the product. In recent decades, a product-
neutral gas (for example, air, nitrogen, argon) has been used as 
a buffer medium in seals. This made it possible to significantly 
simplify the buffer medium supply system, since the 
compressibility of the gas allows it to accumulate in large 
quantities and be fed into the seal without significant energy 
expenditure. In addition, the use of gas has significantly 
expanded the temperature range of the seals. 
Seals using gas as a buffer medium in most cases operate in 
non-contact mode, that is, the movable and fixed parts of the 
seal do not touch during operation. This mode of operation is 
provided by gas-static or gas-dynamic effects in the separation 
zone between the movable and fixed parts of the seal (in the 
operation gap). These effects occur due to the special design of 
the sealing ring surfaces forming the operation gap. Usually 
such surfaces have either special channels for supplying gas to 
the operation gap, or special spiral grooves that capture gas 
from the supply zone and move it into the operation gap (in the 
second case, seals with a double set of sealing rings and gas 
supply to the zone between them are used). The most effective 
seals common today are gas dynamic seals with a double set of 
sealing rings. The cost of such seals is the highest of the existing 
ones due to the complexity of manufacturing surfaces with gas-
dynamic grooves. 
The article considers a new type of seal, which uses both gas-
static and gas-dynamic effects in the working gap, but uses one 
pair of sealing rings, and the design of the sealing ring surfaces 
does not contain gas-dynamic grooves [Zaborowski 2007, 
Adamcik 2014, Svetlik 2014, Rimar 2016, Olejarova 2017 & 
2021, Sedlackova 2017, Catlos 2018, Labun 2018, Gamec 2019, 
Kuznetsov 2019, Murcinkova 2019, Pollak 2019 & 2020, Straka 
2021 & 2022, Vagaska 2021]. 

2 RESEARCH METHODOLOGY 

In this section, we will consider a mathematical model of a gas 
dynamic impulse seal with buffer gas supply directly into the 
operation gap. (Fig. 1). 

 
Figure 1. The design of the gas-barrier-impulse seal 
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During the operation of the seal, under the action of a 
combination of forces applied to the end and back surfaces of 
the axially movable sealing ring, the latter shifts and occupies a 
position in which the sum of the forces acting on its end surface 

sF  is balanced by the sum of the forces acting on the back 

surface cF . The equation of axial vibrations of a movable o-ring 

has the form: 

  .Fxkxcxm    (1) 

where x , x  и x  are, respectively, the displacement, 
displacement velocity and acceleration of the axially movable 
sealing ring; m  is the mass of the ring; c  is the coefficient of 

resistance to movement equal to the dynamic viscosity of the 

gas with which the ring contacts; k  is the stiffness of the 

springs;   is the pre–compression of the springs; cs FFF   is 

the resultant of the forces acting on the ring sF  and cF , the 

values of which are determined by the pressure diagrams 
acting on the corresponding sites of the ring (Fig. 2). 

 

 
Figure 2. The scheme for calculating the seal and the plot of the load on 
the ring design of the gas-barrier-impulse seal 

To solve (1), the equation of the sealing workflow is additionally 
considered – the balance of mass gas flow through the seal gap 
with a central angle equal to the angular size of the chamber on 
the surface of the sealing ring (Fig. 3). 

 

 
Figure 3. The flow diagram of the gas and the design of the sealing ring 
with chambers in the gas barrier impulse seal 

During the operation of the seal, the barrier gas enters the 
chamber only when it communicates with the supply channel, 
therefore, the balance of gas flow from the chamber into the 
sealed gap and into the atmosphere will be determined by the 
expression: 
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where 23mQ  is the mass flow rate of the barrier gas from the 

chamber into the sealed casing through an external throttle 

with a central angle k , limited by radii 3r  and 23r  during 

time 2tT  ; 24mQ  is the mass flow rate of the barrier gas from 

the chamber into the environment through an internal throttle 

with an angle k  , radii 24r  and 4r  during time 2tT   ; VQ  

is the flow rate to displace gas from the gap; pQ  – the flow 

rate for compressing gas in the chambers when the pressure 

changes caused by gap width fluctuations; 12mQ  – the flow 

rate for compressing gas in a closed chamber during gas 

injection from the supply channel into the chamber during 2t ; 

T  is the time between two consecutive coincidences of the 

chamber with the supply channel; 2t  is the time during which 

the chamber is connected to the supply channel (the time when 
the chamber is filling with barrier gas). 

The gas flow balance equation is written in terms of the 
geometric characteristics of the end gap [Kuznetsov, 2023]: 
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where   ,,,, 23323 km xrrg  and   ,,,, 24424 km xrrg  are 

the conductivities of the external and internal throttles, 

respectively (gap sections bounded by radii 3r  and 23r  , and 

radii 24r  and 4r );  TVg km ,12 ,  TrrgmV ,, 43  and  TVg kmp ,  

are the "conductivities" of the chamber and gas displacement 
from the gap. 

The equation of the dynamics of the system can be obtained by 
combining equations (1) and (3) into a dimensionless 
dependence. For this purpose, the basic values of the gap 

bxx  , the pressure of the sealing medium bpp 1  and the 

angular velocity b   at the nominal operating mode of the 

seal are entered into the calculation. Then, expressing the 
conductivities in terms of the base values, we can write: 
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where bpp11  , bpp22  , bpp33  , bpp44   

are the dimensionless pressures of the barrier gas, in the 
chambers, in the sealed machine casing and behind the seal, 
respectively. 

It is possible to extend the validity (4) to the sections of the gap 

between the chambers. Then, as 2p , it is necessary to use the 

pressure value averaged per revolution in the chamber and in 

the gap between it and the adjacent chamber. To find 2p  in 

the gaps between the chambers, a numerical solution of the 
Reynolds equation, widely known from the theory of 
hydrodynamic lubrication, was used, which relates the pressure 
function of a lubricant to the thickness of its layer, its viscosity, 
density, and velocity of one of the surfaces bounding the 
lubricating layer: 
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Due to the nonlinearity of equation (5), its analytical integration 
in a general form is currently not possible. Its numerical 
solution is performed by the modern numerical method of 

boundary elements. Expressing 
 p  (  is the polytrope 
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index) and assuming, as a first approximation, that the gas flow 

regime in the gap does not change with time ( 0 tP ), we 

can rewrite (5) as: 
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 (6) 

To find a solution to this Poisson equation, you can use the 
following method: find a solution (6) without the right side (in 
the form of the Laplace equation), and then subtract a partial 
solution (the right side) from the resulting general solution, 
independent of boundary conditions. It is possible to bring (6) 
to the Laplace equation by assuming that the gas flow regime in 
the gap is only radial, i.e. due to the pressure difference 
between the outer and inner radii of the gap. The unknown 

quantities in it will be the desired function 11 pP  and the 

value of the gap x , which, in turn, changes little in the 
circumferential and radial directions and can be considered 
unchanged in the first approximation. Thus, it is possible to 
write: 
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The essence of the applied numerical method consists in 
reducing the boundary value problem for partial differential 
equation (6) to an integral equation along the boundary of the 
studied region, which is obtained by applying the third Green 
formula to the desired function. In general, the integral 

equation for a region with a boundary Г  has the form 
[Kuznetsov, 2020]: 
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where   is an arbitrary point on the boundary of the region, 

)(c  is a function that takes into account the features that 

arise when integrating along the boundary of the region, 

   rP 1ln21),(*    is the fundamental solution of the 

Laplace equation for the two-dimensional case, r  is the 

distance between points   and   on the boundary of the 

region, )(),(),( **  nPq  . 

The solution of equation (7) is carried out by dividing the 
boundary of the region into sections (elements), the integration 
of which is performed numerically by the method of Gauss 
mechanical quadratures. Thus, a system of linear algebraic 
equations is obtained, the solution of which is carried out by 
the Gauss method. As a result of its solution, unknown values 

of functions P  and nP   at the boundary are determined, 

knowing which it is possible to determine the values of the 
pressure function at any i-th point inside the area surrounded 

by the boundary Г : 




 dqPdPqPi
**

 (9) 

As an area for determining the gas pressure field, a section of 
the gap is selected, limited by the outer and inner radii of the 
sealing ring and radial secants passing through the middle of 
the adjacent chambers (Fig. 4). The pressure functions are set 

as boundary conditions: at the outer radius – 3p , at the inner 

radius – 4p , in the zones of the supply channels – 1p ; along 

the radius, the pressure varies according to the quadratic law 
(isothermical flow). 

  
Figure 4. Allocation and division into elements of the calculation area 

The integral equation (7) is given a discrete form, and the 

boundary of the region is divided into N  elements, on each of 
which a Dirichlet type boundary condition is set – the pressure 
value (Fig. 4): 

 

 

 

 





N

j
j

N

j
ji

qdP

PudqP

j

j

1

*

1

*

)(

)(
2

1

 (10) 

Integrals 




j

dq*  and 




j

dP*  establish a connection 

between the i -th node and the j -th element, along the length 

of which the integral is taken, and will henceforth be denoted 

respectively ijH  and ijG . Integrals ijH  and ijG  are calculated 

using Gauss quadrature formulas for the elements. Hence, a 
relation is obtained that represents the relationship between 

the inner point i  and the values of P  and q  at the boundary 

of the region: 
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Finding the right side of equation (6) 

    yxUpyW   1116)(  is carried out by successive 

iterations: the value of the derivative yP   found from (7) is 

substituted into the integral equation (8) in the form of 




 )(),()( *  dPyW  (the derivative is easily determined by 

the finite difference method). After the values of the functions 

P  and q  are found on the entire boundary, P  is calculated at 

an arbitrary inner point using the expression: 
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where iB  is the numerical solution of )(yW  for each value of 

the fundamental solution given in the i -th node. 
Applying (12) to the entire study area, an array of barrier gas 
pressure values between adjacent chambers and supply 
channels was obtained to calculate the value of the averaged 

pressure 2p  on the end belt where the chambers are located 

(limited by radii 24r  and 23r ). 

Expressions for the forces acting on the sealing ring in 
dimensionless form: 
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where ijS  is the area of the corresponding throttling belts;   

is the dimensionless compression force of the springs. 
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where the zero indices indicate the steady-state values of the 
quantities. 
Omitting the signs of variations, the resulting expression is 
written in abbreviated form using the time differentiation 

operator dtdp  : 
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Hereafter, iT , iC , k  and iY  are the time and geometric 

constants obtained after linearization, depending on the 

steady–state values of 40302010 ,,,  , as well as 0u  and 

0 . 

The equation of dynamics of the automatic regulator can be 
obtained by linearizing (13) and combining it with (15). Then 
the expression for the dimensionless load on the movable ring 
 : 
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The equation of axial vibrations of the ring (16) in the operator 
form has the form: 

    upTpT 4
22

3  (17) 

Excluding from (16) and (17)  , the equation of the dynamics 

of the system is obtained: 
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where 1
2
33 TTa  , 41

2
32 TTTa  , kTTTa 2141   , 

 ka 0 . 

3 CONCLUSIONS 

The use of a combined approach to create a mathematical 
model of a gas seal, combining analytical and numerical 
solutions, made it possible to obtain a convenient tool for 
studying the operation processes of contactless seals in general 
and impulse seal in particular. 

The considered mathematical model of a gas-barrier impulse 
face seal makes it possible to design economical and reliable 
seals with a given barrier gas flow rate for a wide range of 
operating pressures of the pumped product and shaft speeds. 
The dynamic characteristics of the seal, set using the presented 
model, make it possible to determine in advance the range of 
stable non-contact operation of the seal.  
Using this model to study the behavior of the seal in start-up or 
emergency operating conditions makes it possible to design 
new types of pumps and compressors with improved safety 
characteristics. The use of a gas-barrier impulse face seal 
instead of seals with gas-dynamic grooves on the surfaces of 
sealing rings makes it possible to significantly reduce the cost of 
operation and maintenance of centrifugal machines, expand 
the range of their operating parameters. 
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